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1 Darboux transformation

In general the Darboux transformation can be defined in the following way (cf. [9]). Consider the
equation

Lf=Xf, (1)

where L is some operator and A is a complex number. Assume that L admits the following
factorization L = AB, where B is a linear operator. Then from (1) we obtain

BAf, = \2fy, (2)

where f; = Bf. Thus applying B to eigenfunctions of L we obtain eigenfunctions for the operator
L1 = BA. This factorization of the operator L; is not necessarily unique. Assume that there
exists another factorization:

Ly = B4y, (3)

where A; # A and B; # B. Then (2) can be rewritten as By A;fi = Af;.Now applying A;
to this equality we obtain eigenfunctions for a new operator Ly = A1Bi: Lafs = A2 fs, where
fo = A1 f1. In principle this chain of exactly solvable equations with conservation of eigenvalues
can be continued.

Although this scheme is quite general, historically the Darboux transformation has been pro-
posed and studied mostly for the Schrédinger equation (see, e.g., [7])

——— 4u)f = \f. 4
(—y +u)f = X2 (4)
Having one particular solution for the equation (fj—; + u)fo = 0 one can construct the corre-
sponding solution for the Riccati equation % + y? = u simply taking the logarithmic derivative
y= ;—0 Then the operator (—% + u) can be factorized: —dd—; +u=—(L +y)(L —y). That is

0
L= —% +u, A= —(£L +y) and B = (<L — y). From (4) using the Darboux scheme described
above we obtain Lifi = —(:L — y)(:L +y)fi = A f1, where fi = (- —y)f. The operator
L1 has the form L; = 7%;2 + u1, where u; = f% + y2. The Darboux transformation for the
multidimensional Schrodinger operator is still an open problem (see, e.g., [10]).
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The Darboux transformation can be defined also for the factors of an operator. Assume that
the operator L — A\? admits two different factorizations: L — A2 = A\By = AE\DBE\”. In this case
(1) is equivalent to the equality AyByf = 0 and also to A&I)Bg\l)f =0.

Now we can introduce the Darboux transformation for the operator B) in the following way.
Assume that we have a solution of the equation

Byf=0. (5)
Then of course A)B) f = 0 and consequently A&I)Bgl)f = 0. Denote f; = Bgl)f, then

AP =0, (6)
Thus applying the operator Bg\l) to solutions of (5) we obtain solutions of (6). We will show how
this simple idea works in the case of the Dirac equation.

2 Quaternionic factorization of the Schrodinger operator

We will consider biquaternion valued functions f = 22:0 frer of two real variables = and y.
Denote D = e; 2 + 628%. As was shown in [1], [2] (see also [5]) for any twice differentiable scalar
function fy the following equality is valid

(=A+u)fo = (D+ M*)(D—M?)fo, (7)
where a is a solution of the quaternionic Riccati equation (see [4] and [6])
Da+a?=—u (8)

and M? denotes the operator of multiplication by a from the right hand side. Solutions of the
equation

(—A+u)fo=0 (9)

are related to solutions of (8) in a similar way as in one-dimensional situation, solutions of (8) are
logarithmic derivatives of solutions of (9) in the following sense a = Df{: 9. Thus apparently we have
a factorization very similar to that for the one-dimensional Schrédinger operator. Nevertheless
the problem is much more difficult. Equality (7) is valid for a scalar fy only. The operator
D_, = D — M? transforms scalars into vectors. Thus considering the equation (—A+u)fo = A fo
for scalar fo we can rewrite it as DaD_a fo = A2 fo, and applying D_, we obtain D_,D.f; = A\2f;
but f; is already a vector. Moreover the operator D_, D, considered on vectors has no longer the
form of a Schréodinger operator but as we show it represents a quite complicated system. Let us

call it generalized Schrddinger operator.

3 Generalized Schrodinger operator
Consider the equation
DaD_of = \*f (10)

where f is a biquaternion valued function and A is a complex number. We assume that a is
a solution of (8). Obviously the Darboux scheme described above works for the operator L =
DaD_,.
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Proposition 3.1 If f is a solution of (10) then g = D_,f is a solution of the equation
Lig = Ny, (11)

where In = D_,D,.

Let us rewrite (10) in a component-wise form. According to (7) for the scalar component fy
we have the usual Schrodinger equation

(=A +u)fo =N fo. (12)

As the operator M® commutes with D and anticommutes with M? for the component f3 we obtain
DoD_a(fse3) = M®D_aDaf3. Thus equation (10) contains the following scalar Schrédinger
equation for fs:

(A +0)fs = Af, (13)

where —Da + a? = —v. That is the third component of the generalized Schrédinger equation
contains the scalar Schrodinger equation which by analogy with the one-dimensional situation
would be expected to represent the Darboux image of the original Schrodinger equation (12).

In order to write the corresponding equation for the other two components in (10) let us
introduce the following notations 9 = % + ega%, F = fi +esfs and A = a1 + esaz. Then
D = Oeq, fre1 + foeo = Fey and a = Ae;.

Consider

DaD,a(flel + f262) = (861 + MAel)(ael — MAGI)(Fel) =
= ((=A + |A]P)F + (0A)F)e;.
Thus the components f; and fy in (10) satisfy the equation
(=A + |AP)F + (DA)F = \°F (14)

Remark 3.2 The potentials u and v can be also expressed as follows v = —Da—a? = A+ \A|2
and v = Da — a% = —94 + |A]*.

Remark 3.3 D_,D,(fie1 + foez) = (A + |A]*)F — (0A)F)ey.

Remark 3.4 As we have seen before DaD_a(fo + fzez) = (—A+u)fo + (—A +v)fses. It is
easy to check that D_,Da,(fo + fses) = (A +v)fo+ (—A + u) fses.

JFrom Proposition 3.1 and Remark 3.3 we immediately obtain the following fact.
Proposition 3.5 Let fy and f3 be solutions of (12) and (13) respectively. Then the function

F=—(D-a(fo+ fses))er
s a solution of the equation
(=A +|A]P)F — (DA)F = X°F.

Analogously from Proposition 3.1 and Remark 3.4 we obtain another useful result.
Proposition 3.6 Let F' be a solution of (14). Then fo and f3 constructed in the form

Jo+ fzes = D_q (Fey)

are solutions of (13) and (12) respectively.
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4 Decomposition of the kernel of the generalized and usual Schro-
dinger operators

We start with another representation of equations (10) and (11):

Remark 4.1 Equation (10) can be rewritten in the form (A2 —\?)f = 0, where A = M*D_,,
and equation (11) can be rewritten in the form (B? — \?)g = 0, where B = M3 D,.

Theorem 4.2 ker(A% — \?) = ker(D — Ma+*¢) @ ker(D — M2*¢s) and ker(B? — \?) =
ker(D + M2~*3) @ ker(D + Mathies),

Corollary 4.3 Any solution fo of (12) can be represented as follows fo = g + h, where g

and h are biquaternion valued functions, solutions of the equations (D — M3t €s)g = 0 and
(D — M3a=Xe3)h, = 0 respectively and this representation is unique.

Corollary 4.4 Any solution fo of the equation (—A + v)fo = A2fy can be represented as
follows fo = g+ h, where g and h are biquaternion valued functions, solutions of the equations
(D + M2=%3)g = 0 and (D + M3+t €s)h = 0 respectively and this representation is unique.

5 Darboux transformation for the Dirac operator

Consider the equation
(D — MatAes)p = . (15)

We will apply to this equation the Darboux scheme for the operators factorizing L — A? described
above. Applying the operator D + M2+ to (15) we have (D + MatAies)(D — pMatries)p =
or what is the same DaD_ah = A2h. Thus from (15) it follows that the components of h satisfy
(12), (13) and (14) respectively.

Proposition 5.1 Let A # 0 and h be a solution of (15). Then at least one of the components
ho or hs is different from zero.

Thus if h is a solution of (15), then we have a solution of at least one of the equations (12) or
(13).

Theorem 5.2 Let h be a solution of (15) such that hg # 0 and b = bie; + baes satisfy the
equation

Db +b? = Da+a’ = —u. (16)
Then the function g = (D — MP~2)hg is a solution of the equation
(D + MP~Aes)g = 0.

Due to this theorem we introduce in a special case of one independent variable the Darboux
transformation for the classical one-dimensional Dirac operator which is free of some drawbacks
inherent in the Darboux transformation introduced quite recently in [3], [8].
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